Published by Institute of Physics Publishing for SISSA/ISAS Received: October 9, 2003 Accepted: October 21, 2003

Consistent irrelevant deformations of interacting conformal field theories

Damiano Anselmi

Dipartimento di Fisica “E. Fermi”, Università di Pisa, and INFN, sezione di Pisa Polo Fibonacci, Edificio C, via F. Buonarroti 2, 56126 Pisa, Italy E-mail: damiano.anselmi@df.unipi.it

Abstract: I show that under certain conditions it is possible to define consistent irrelevant deformations of interacting conformal field theories. The deformations are finite or have a unique running scale (“quasi-finite”). They are made of an infinite number of lagrangian terms and a finite number of independent parameters that renormalize coherently. The coefficients of the irrelevant terms are determined imposing that the beta functions of the dimensionless combinations of couplings vanish (“quasi-finiteness equations”). The expansion in powers of the energy is meaningful for energies much smaller than an effective Planck mass. Multiple deformations can be considered also. I study the general conditions to have non-trivial solutions. As an example, I construct the Pauli deformation of the IR fixed point of massless non-abelian Yang-Mills theory with N_c colors and N_f ≲ 11N_c/2 flavors and compute the couplings of the term F^3 and the four-fermion vertices. Another interesting application is the construction of finite chiral irrelevant deformations of N = 2 and N = 4 superconformal field theories. The results of this paper suggest that powercounting non-renormalizable theories might play a role in the description of fundamental physics.

Keywords: Renormalization Regularization and Renormalons, Renormalization Group, 1/N Expansion, BRST Symmetry.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep102003045 /jhep102003045 .pdf

Contents

1. Introduction 1

2. Consistent irrelevant deformations 3

3. Pauli deformation of Yang-Mills theory coupled with fermions 9

4. Renormalization of the Pauli coupling 12

5. The Pauli deformation to order O(κ^2) 13

6. Applications to supersymmetric theories 17

7. Conclusions 19

A. Useful identities 20

1. Introduction

Certain power-counting non-renormalizable theories can be quantized successfully, for example the four-fermion models in three spacetime dimensions [1] in the large N expansion. Using the procedure of ref. [2] it is possible to renormalize quantum gravity coupled with matter in three spacetime dimensions as a finite theory. A theory that is not power-counting renormalizable does not necessarily violate fundamental physical principles and cannot be discarded a priori. At present, it is not clear why some theories can be quantized and other cannot, which theories are meaningful and which are meaningless. In this paper I present results that are expected to shed some light on this problem.

In four-dimensions pure gravity is finite to the first loop order [3], but finiteness is spoiled by the presence of matter. Moreover, gravity is not finite to the second loop order [4] even in the absence of matter. In three dimensions the situation is different. In ref. [2] I have formulated a quantization procedure to construct finite theories of quantum gravity coupled with matter in three dimensions, under the assumption that the matter sector satisfies certain restrictions. Those ideas do not generalize immediately to fourdimensional quantum gravity, but admit a number of other interesting four-dimensional extensions. In this paper I explore a class of such applications, namely the construction of consistent irrelevant deformations of interacting conformal field theories.

In general, it is not known how to define one irrelevant deformation, because as soon as one irrelevant term is added to the lagrangian, renormalization turns on infinitely many other terms, multiplied by independent couplings. This spoils predictivity at the level of

– 1 – fundamental field theory (but not at the level of effective field theory). The goal of this paper is precisely to disentangle the irrelevant deformations from one another. This result makes it possible to study “one” irrelevant deformation, or “two” irrelevant deformations, etc., or all of them together, which is the usual situation. A single irrelevant deformation is made of an infinite series of lagrangian terms that renormalize coherently, with a unique renormalization constant, associated with a dimensionful coupling (the scale). In this sense, the so-deformed theory is still physically predictive as a fundamental field theory, although it is not power-counting renormalizable.

The irrelevant couplings are responsible of the non-polynomial structure of the renormalized lagrangian. The beta functions and renormalization constants of the irrelevant couplings are polynomial in the irrelevant couplings themselves. So, on the one side nonrenormalizable theories are complicated, on the other side they are extremely simple. For this reason, it is possible to work with them.

Consider a conformal field theory C and its irrelevant deformations. If λ is the coupling constant that multiplies the irrelevant term O_λ, the beta function of λ has the form [2]

β_λ = λγ_λ + δ_λ. (1.1)

Here γ is the anomalous dimension of O_λ and depends only on the marginal couplings of C. Instead, δ does not depend on λ and depends polynomially on a finite number of other irrelevant couplings.

A structure as simple as (1.1) suggests that in a number of cases it is possible to solve the finiteness equations β_λ = 0. A set of non-trivial solutions has been studied in [2]. However, in various situations, the finiteness equations admit only the trivial solution λ = 0, which is just the conformal theory C. To construct non-trivial deformations in these cases, it is possible to define “quasi-finite” theories, i.e. theories that have a unique runnning parameter, the scale.

Taking appropriate combinations of dimensionful couplings, it is always possible to organize the set of couplings of a theory into a unique dimensionful parameter, the scale κ, with conventional dimensionality −1, plus dimensionless couplings. A quasi-finite theory is a theory whose dimensionless couplings have vanishing beta functions. The scale is free to run. If the scale does not run, the theory is finite. If there is no scale, the theory is conformal. In this paper I construct finite and quasi-finite consistent irrelevant deformations of interacting conformal field theories.

Known examples of quasi-finite theories are the mass deformations of conformal field theories. Consider for example N = 4 supersymmetric Yang-Mills theory in four dimensions (for an introduction to supersymmetry in the language of superfields, see for example [5]) and denote the gauge coupling with g. Supersymmetry can be softly broken to N=0 giving masses m to the scalar fields φ, for example. After this breaking, the beta function β_g remains zero, because, by dimensional considerations, it cannot depend on m. On the other hand, the mass operator φφ is not finite (its anomalous dimension is non-vanishing at g ≠ 0; see for example [6]). This implies that the scale m does run. Therefore, the deformed theory is quasi-finite. The quasi-finite theories constructed in this paper are a counterpart, in the irrelevant sector, of the relevant deformations of conformal field theories.

– 2 –

On the other hand, N = 4 supersymmetry can be broken to N = 1 with a chiral mass deformation. This deformation is finite, because of a well-known non-renormalization theorem. In this paper I construct also finite chiral irrelevant deformations of superconformal field theories (section 6).

Now I sketch the construction of quasi-finite irrelevant deformations. The set of couplings can be conveniently split into an energy scale 1/~κ and dimensionless ratios g_i. The beta functions β_i of the dimensionless couplings g_i cannot depend on ~κ. The beta function of ~κ is equal to ~κ times a function of the g_is. Then, it is consistent to solve the quasi-finiteness equations β_i = 0 , d~κ d ln μ

= β_{~κ} . (1.2)

The solutions of the quasi-finiteness equations are, in general, non-trivial and contain a unique arbitrary parameter besides the marginal couplings of C, namely the value of ~κ at some reference energy μ. It is also correct to view 1/~κ(μ) as the definition of the unit of mass.

In the paper, after developing the general approach, I consider a concrete model, the Pauli deformation of the IR fixed point of massless non-abelian Yang-Mills theory with N_c colors and N_f ≲ 11N_c/2 flavors. I study the self-renormalization of the Pauli term and the structure of the Pauli deformation to the order O(κ^2) included, which is made of the irrelevant terms of dimensionality 6 (four-fermion vertices and F^3). I solve the quasifiniteness equations and show that the solutions relate in a unique way the couplings of F^3 and the four-fermion vertices to the coupling of the Pauli term. One-loop calculations are sufficient for these studies.

Multiple deformations can be defined also, where various dimensionful parameters run independently. Multiple deformations are not sums or superpositions of simple deformations.

The paper is organized as follows. In section 2 I present the general theory of finite and quasi-finite irrelevant deformations and study conditions to have non-trivial solutions. In sections 3, 4 and 5 I study the Pauli deformation of the IR fixed point of Yang-Mills theory coupled with matter. I solve the quasi-finiteness equations to the second order in κ and first order in the loop expansion. In section 6 I construct the finite chiral irrelevant deformations of N = 2 and N = 4 superconformal field theories. Section 7 contains the conclusions. The appendix collects a number of useful identities and the field equations.

2. Consistent irrelevant deformations

Consider the set of irrelevant deformations of a conformal field theory C of interacting fields φ. The classical lagrangian in d dimensions has the form

L_{cl}[φ] = L_C [φ, α] + ∑ i κ^i N_i∑

I=1 λ_{iI} O_{iI} (φ) . (2.1)

The O_{iI} are a basis of (gauge-invariant) local lagrangian terms with canonical dimensionalities d + i in units of mass. The index i denotes the “level” of O_i (irrelevant operators have

– 3 – positive levels, marginal operators have level 0 and relevant operators have negative levels) and can be integer or half-integer. The λ_{iI} denote a complete set of essential couplings, labelled by their level i plus an index I that distinguishes the couplings of the same level. The essential couplings are the couplings that multiply a basis of lagrangian terms that cannot be renormalized away or into one another by means of field redefinitions [7].

The constant κ is an auxiliary quantity with dimensionality −1 in units of mass. Every λ is dimensionless. I assume that the theory does not contain masses and superrenormalizable parameters (positive-level couplings). Parameters with positive dimensionalites in units of mass form dimensionless quantities when they are multiplied by suitable powers of the irrelevant couplings. These dimensionless combinations are responsible for unnecessary complicacies, both at the theoretical and practical levels, because the beta functions do not depend polynomially on them.

The redundancy of the constant κ is exhibited by the invariance of (2.1) under the scale symmetry λ_{iI} → Ω^{−i}λ_{iI} , κ → Ωκ . (2.2) Structure of the beta functions. The beta function of λ_{iI} transforms as λ_{iI} under the scale symmetry (2.2) and therefore its structure is

β_{iI} = ∑ {n^{iI}_{jJ} } f_{{n}iI_{jJ }} (α) ∏ j≤i

N_j∏

J=1 (λ_{jJ} )^{niIjJ} , (2.3)

where f_{{n}iI_{jJ }} (α) are functions of the marginal couplings of C and the sum is performed over the sets {n^{iI}_{jJ} } of non-negative integers n^{iI}_{jJ} such that ∑ j≤i j N_j∑

J=1 n^{iI}_{jJ} = i . (2.4)

The constant κ is the only dimensionful parameter in the theory and does not appear in the beta functions.

Due to (2.4), only a finite set of numbers n^{iI}_{jJ} can be greater than zero. This implies that the beta functions depend on the irrelevant couplings in a polynomial way. Special sets {n^{iI}_{jJ} } satisfying (2.4) are those where n^{iI}_{jJ} is equal to one for j = i and some index J, zero otherwise. It is useful to isolate this contribution from the rest, obtaining

β_{iI} = N_i∑

J=1 γ^{IJ}_i (α) λ_{iJ} + δ_{iI} , δ_{iI} = ∑ {m^{iI}_{jJ} } f_{{m}iI_{jJ }} (α) ∏ j<i

N_j∏

J=1 (λ_{jJ} )^{miIjJ} . (2.5)

Now the sum is performed over the sets {m^{iI}_{jJ} } of non-negative integers such that ∑ j<i j N_j∑

J=1 m^{iI}_{jJ} = i . (2.6)

– 4 –

The functions γ^{IJ}_i (α) are the entries of the matrix γ_i(α) of anomalous dimensions of the operators O_{iI} of level i. The second term of (2.5) collects the contributions of the operators O_{jJ} of levels j < i. Observe that (2.6) implies ∑ j<i

N_j∑

J=1 m^{iI}_{jJ} ≥ 2 , (2.7)

which means that the beta function of λ_i is at least quadratic in the irrelevant couplings with j < i. A fortiori, the δ_{iI} s vanish when all of the λ_{iI} s vanish. Indeed, at λ_{iI} = 0 the theory reduces to L_C [φ, α] , which is finite by assumption.

Deformation of level ℓ. Let γ_i denote the matrix having entries γ^{IJ}_i (α). The deformation of level ℓ is defined as follows. First, set

λ_{jJ} = 0 for j ≠ nℓ , n integer.

Using (2.5), this implies δ_{jJ} = β_{jJ} = 0 for j ≠ nℓ and δ_{ℓI} = 0. The equation β_{ℓI} = dλ_{ℓI} d ln μ = N_ℓ∑

J=1 γ^{IJ}_ℓ (α) λ_{ℓJ} is solved by

λ_{ℓI} (μ) = N_ℓ∑

J=1 exp ( γ_ℓ ln μ μ )_{IJ} λ_{ℓJ} (μ). The solution contains N_ℓ arbitrary parameters, which are the values of the couplings λ_{ℓI} at some reference scale μ.

It is convenient to consider one arbitrary parameter at a time. The matrix γ_ℓ is real but in general its characteristic roots are complex. For the moment I assume that γ_ℓ has at least one real characteristic root, r_ℓ, with multiplicity one. Let a tilde denote vectors and matrices in a basis in which the matrix γ_ℓ has Jordan canonical form ~γ_ℓ with ~γ^{11}_ℓ = r_ℓ (see for example [8]). Finally, let ~λ_{ℓI} (μ) = (λ_ℓ, 0, . . . , 0). Then

~λ_ℓ(μ) = exp ( r_ℓ ln μ μ ) λ_ℓ . (2.8)

For n > 1, I write λ_{nℓI} = A_{nℓI} ~λ^n_ℓ . (2.9) The coefficients A are scale invariant, i.e. invariant under the scale symmetry (2.2). Quasifiniteness is the requirement that the beta functions of scale-invariant quantities vanish. If the ln μ derivatives of both sides of (2.9) are equated, the quasi-finiteness equations read N_ℓ∑

J=1 ~γ^{IJ}_{nℓ} A_{nℓJ} ~λ^n_ℓ + δ_{nℓI} = nr_ℓA_{nℓI} ~λ^n_ℓ . (2.10) This is a system of equations in the unknowns A. The solution can be worked out inductively in n. Assuming that the systems (2.10) have been solved for n = 2, . . . , m − 1, and

– 5 – the solutions have the form (2.9 ), then formula (2.5) ensures that the δ_{mℓI} s are equal to known numbers times ~λ^m_ℓ . The m^{th} system of equations (2.10) can be solved if the matrix ^γ_{mℓ} ≡ γ_{mℓ} − mr_ℓ1 (2.11) is invertible, where 1 denotes the identity matrix. For real r_ℓ the invertibility of ^γ_{mℓ} holds if and only if no characteristic root of the matrix γ_{mℓ} is equal to m times r_ℓ.

If the matrices ^γ_{mℓ} are not invertible, solutions exist if suitable entries of the vector δ_{mℓ} in (2.10) vanish. In some cases a symmetry can ensure that certain irrelevant terms have δ identically zero. Then the system (2.10) can always be solved. Operators with δ identically zero are called protected. Examples of protected operators are the chiral operators in four-dimensional supersymmetric theories [5], which are discussed in detail in section 6. At this stage of the discussion, it is convenient to isolate the protected operators from the rest and concentrate the search for solutions of the quasi-finiteness equations in the remaining subclass of irrelevant terms. For simplicity, it is also convenient to set the couplings of the protected operators to zero. Indeed, it is always possible to turn those couplings on at a later stage. This operation is studied in section 6 and defines the protected irrelevant deformations. In the rest of this section, I assume that the protected operators are dropped from (2.1) and that the λ_is refer only to the unprotected irrelevant operators, unless otherwise specified.

So, leaving the protected operators aside, the requirement that should be satisfied for the existence of a consistent quasi-finite deformation of level ℓ, associated with the characteristic root r_ℓ of the matrix γ_ℓ, is the invertibility of the matrices (2.11) for m > 1. Then the theory described by the lagrangian L[φ] = L_C[φ, α] + ~κ ~O_ℓ(φ) + ∞∑ n=1 ~κ^n N_{nℓ}∑

I=1 A_{nℓI} (α) O_{nℓI} (φ) , (2.12)

where ~κ = κ^ℓ~λ_ℓ, is quasi-finite. The coefficients A_{nℓI} (α) are uniquely specified functions of the marginal couplings α of C, determined solving the system of equations (2.10). The independent parameters of (2.12) are α and ~κ. The theory (2.12) is renormalized redefining the fields and the scale ~κ, while the marginal couplings α and the coefficients A_{nℓI} (α) are unrenormalized. The scale ~κ is the unique parameter of the theory that can run. The power-like divergences do not contribute to the RG equations and so can be subtracted as they come, without adding new independent couplings. The number ℓ is called lowest level of the deformation, the term ~O_ℓ is the lowest-level operator of the deformation and the sum in (2.12) is called queue of the deformation.

Now I now discuss the meaning of (2.11) and the existence of solutions.

Existence of solutions. Neglecting, for pedagogical purposes, the renormalization mixing for a moment, i.e. assuming that the indices I, J can have only one value, the condition (2.11) reads γ_{mℓ} ≠ mr_ℓ , (2.13) for m > 1, and says that the anomalous dimension of the irrelevant term of level mℓ should not be equal to m times the anomalous dimension of the lowest-level operator.

– 6 –

The meaning of the apparently obscure condition (2.13) is actually simple, as I now explain. The considerations that follow are not claimed to be rigorous, but purely illustrative. Consider for concreteness a theory containing scalar fields φ in d = 4 dimensions and restrict the attention to operators without derivatives. Then O_{mℓ} ∼ φ^{d+mℓ} = φ^d ( φ^ℓ )_m , O_ℓ ∼ φ^{d+ℓ} = φ^d ( φ^ℓ ) . (2.14)

The operator O_{mℓ} is obtained sticking m factors φ^ℓ to the operator φ^d. The operator φ^d has level zero: it can be thought as a marginal deformation of C and considered finite. Now, in renormalization theory, when operators are multiplied together at the same point in spacetime, it is not sufficient to renormalize the factors to renormalize the product, but it is necessary to introduce a further renormalization constant for the product. The condition (2.13) says in practice that the renormalization constant for the product should be non-trivial. Common experience with renormalization suggests that whenever a quantity can diverge (because it is not protected by symmetries, power-counting, etc.), it generically does diverge. So, excluding miraculous cancellations, it is reasonable to assume that the products of operators have non-trivial renormalization constants and therefore that the matrices (2.11) are invertible.

When this is true, it is possible to define the consistent irrelevant deformations (2.12) of the conformal field theory C. Observe that, in any case, the invertibility or non-invertibility of the matrices (2.11) is a property of the conformal theory C, so it is possible to say which irrelevant deformations are allowed from the sole knowledge of C, before actually deforming the theory.

There might exist situations in which the condition (2.13) is valid up to, say, m = N and violated for m > N. Then, the number of parameters necessary for the renormalization of this deformation remains constant up to the order κ^{Nℓ}. At the order κ^{(N+1)ℓ} the system (2.10) cannot be solved and (2.9) cannot be imposed. This means that new independent (running) parameters must be added at the level (N +1)ℓ. This is a particular case of “multiple” deformation, in the sense explained below. The deformation remains predictive at the level of fundamental field theory if the total number of independent free parameters remains finite.

Multiple deformations. It is possible to construct also multiple deformations, of levels ℓ_1, . . . , ℓ_k. These deformations have more parameters that run independently. For the moment, I still assume that the relevant characteristic roots r_{ℓj} are real with multiplicity one. Moreover, I assume that the integers ℓ_1, . . . , ℓ_k are relatively prime. Formula (2.9) generalizes to λ_{iI} = ∑ {n} A^{n1...nk} iI ~λ^n1_{ℓ1} · · · ~λ^nk_{ℓk} ,^k ∑ j=1 n_jℓ_j = i , n_j ≥ 0 . (2.15)

The couplings that cannot be written in this form are set to zero. The couplings ~λ_{nj} run as

~λ_{ℓj} (μ) = exp ( r_{ℓj} ln μ μ ) λ_{ℓj} .

– 7 –

Quasi-finiteness demands that the scale-invariant quantities A have vanishing beta functions. The system of equations (2.10) generalizes to N_j∑

J=1 ∑ {n} γ^{IJ}_i A^{n1...nk} iJ ~λ^n1_{ℓ1} · · · ~λ^nk_{ℓk} + δ_{iI} = ∑ {n} A^{n1...nk} iI ~λ^n1_{ℓ1} · · · ~λ^nk_{ℓk}^k ∑ j=1 n_jγ_{ℓj} . (2.16)

Proceeding inductively in the level i, formula (1.1) shows that δ_{iI} can be expressed as δ_{iI} = ∑ {n} δ^{n1...nk} iI ~λ^n1_{ℓ1} · · · ~λ^nk_{ℓk} ,

where δ^{n1 ...nk}_{iI} are numbers determined solving the systems (2.16) for levels j < i. The system (2.16) can be split into a set of equations N_j∑

J=1 γ^{IJ}_i A^{n1...nk} iJ − A^{n1...nk}_{iI} k∑ j=1 n_jr_{ℓj} = −δ^{n1...nk}_{iI} . It is immediate to see that the number of unknowns is equal to the number of equations. There exists a unique solution if no characteristic root of the matrix γ_i is equal to k∑ j=1 n_jr_{ℓj} , with n_j non-negative integers such that k∑ j=1 n_j = i . (2.17)

This requirement has an interpretation similar to the one of (2.14): an operator of level i can be written in many ways as the product of an operator of level 0 and operators of positive levels j < i, but in no case the anomalous dimension of the product should be equal to the sum of the anomalous dimensions of the factors.

When the characteristic roots of the matrix γ_ℓ are complex or have multiplicity greater than one, or when the levels ℓ_1, . . . , ℓ_k are not relatively prime, the derivation generalizes straightforwardly, as well as the requirement (2.17), but the formulas become technically heavier. These generalizations do not teach anything new and are left to the reader.

Sufficient condition for the existence of a perturbative expansion. If C is a family of conformal field theories that becomes free when some marginal coupling α tends to zero, then the irrelevant deformation (2.12) might not admit a smooth α → 0 limit, due to the denominator appearing when the matrix (2.11) is inverted. However, if the anomalous dimensions of the irrelevant couplings satisfy a certain boundedness condition, it is possible to keep α small, but different from zero, and have a meaningful perturbative expansion in powers of an effective κ_{eff} .

Assume that there exist α-independent numbers c_n and a η > 0 such that | (^γ^{−1}_{nℓ} )^{IJ} | < c_n η (2.18)

for every n. The quantity η is a function of α (and ℓ) and tends to zero when α tends to zero. Then, it is possible to prove that the solutions of (2.10) behave not worse than |A_{nℓI} | ∼ ~c_n 1 η^{(n−1)ℓ} , (2.19)

– 8 – where ~c_n are numbers and depend on the c_ns. The behavior (2.19) can be proved inductively in n. Indeed, if (2.19) is true for n < m, then (2.5), (2.10) and (2.7) imply that (2.19) is also true for n = m.

Under the assumption (2.18), let us compare the behaviors of the irrelevant terms of dimensionality d + nℓ versus the behaviors of the marginal terms of C, as functions of the energy scale E of a physical process. The ratio between these two types of contributions behaves not worse than a_nη^ℓ ( ~κ^{1/ℓ}E η )_{nℓ} , a_n being calculable numbers that take care also of the c_ns. The perturbative expansion in powers of the energy is meaningful for energies E much smaller than the “effective Planck mass” 1 κ_{eff} ≡ η ~κ^{1/ℓ} . (2.20)

This up to the behavior of the numerical factors a_n, which cannot be predicted before solving the theory.

In conclusion, to have consistent irrelevant deformations almost all of the matrices (2.11) should be invertible and there must exist a η > 0 satisfying (2.18). “Almost all” means all but a finite number. The restrictions concern only the renormalizable subsector C of the theory and can be studied before turning the irrelevant deformation on. In the free-field limit the effective Planck mass 1/κ_{eff} tends to zero and the expansion in powers of the energy has zero convergence radius. This is why the free field theories do not admit consistent irrelevant deformations in the approach of this paper. This is also the reason why the method of this paper and ref. [2] cannot be used to quantize gravity in four dimensions.

3. Pauli deformation of Yang-Mills theory coupled with fermions

In this and the next two sections, I apply the general approach of the previous section to a concrete model, the Pauli deformation of an interacting conformal field theory made of fermions and gauge fields. I study the levels 1 and 2 of the deformation. The Pauli term has dimensionality 5 and is multiplied by a running parameter κ. In section 4 I study the self-renormalization of this term. In section 5 I solve the quasi-finiteness equations and compute the values of the couplings that multiply the irrelevant terms of dimensionality 6 (four-fermion terms and F^3). I work in the euclidean framework and use the dimensionalregularization technique.

The renormalized lagrangian of non-abelian Yang-Mills theory coupled massless fermions is L = μ^{−ε} 4g^2Z^2_g

(F^a_{μν} )^2 + Ψ^I_i D/_{ij} Ψ^I_j , (3.1)

where A^a_μ = Z^{1/2}_A A^a_μ, Ψ^I_i = Z^{1/2}_ψ ψ^I_i and F^a_{μν} = ∂_μA^a_ν − ∂_ν A^a_μ + f^{abc}A^b_μA^c_ν , D^{ij}_μ Ψ^I_j = ∂_μΨ^I_i + A^a_μT^a_{ij} Ψ^I_j , The index I = 1, . . . , N_f is a flavor index. I assume that the fermions are in the fundamental representation. Details about the notation are given in the appendix.

– 9 –

The gauge-fixing part reads L_{gf} = μ^{−ε} 2αg^2 (∂_μA^a_μ)^2 + Z_C C^a∂_μD^{ab}_μ C^b , (3.2)

where D^{ab}_μ C^b = ∂_μC^a + f^{abc}A^b_μC^c.

The renormalization constants are, to the first loop order (see for example [9])

Z_ψ = 1 − g^2α 8π^2ε

N^2_c − 1 2N_c ≡ 1 + δZ_ψ , Z_A = 1 − g^2N_c 16π^2ε

(3 + α) ≡ 1 + δZ_A ,

Z_C = 1 + g^2N_c 32π^2ε

(3 − α) , Z_g = 1 − g^2 48π^2ε

(11N_c − 2N_f ) . (3.3)

IR interacting fixed point. To identify the IR fixed point, it is necessary to write the beta function of g to the second loop order. In the limit where N_c and N_f are large, g is small, but g^2N_c and N_f /N_c are fixed, and such that N_f /N_c ≲ 11/2 , the beta function reads [9] β_g g = − Δ 3 g^2N_c 16π^2 + 25 2 ( g^2N_c 16π^2

)_2 + ∞∑ n=3 c_n ( g^2N_c 16π^2 )_n , (3.4)

where Δ ≡ 11 − 2N_f /N_c ≪ 1 and the c_ns are numerical coefficients. In the limit just described, the theory is asymptotically free and the first two contributions of the beta function have opposite signs. Moreover, the first contribution is arbitrarily small. This ensures that, expanding in powers of Δ, the beta function has a second zero for

g^2_∗ N_c 16π^2 = 2 75 Δ + O(Δ^2) . (3.5)

This zero defines a non-trivial conformal field theory.

The purpose of this section and sections 4-5 is to construct the Pauli deformation of this interacting conformal field theory. I concentrate on the irrelevant terms of levels 1 and 2.

Irrelevant terms of level 1. There is only one irrelevant term of level 1, the Pauli term

L_{Pauli} = κλZ_λ F^a_{μν} Ψ^I_i T^a_{ij} σ_{μν} Ψ^I_j , (3.6)

where σ_{μν} = −i[γ_μ, γ_ν ]/2. The terms κΨD/D/Ψ, κΨD^2Ψ can be converted to (3.6) up to O(κ^2) using the field equations (see the appendix).

Irrelevant terms of level 2. The classification of the irrelevant terms of level 2, instead, is more involved. First, there is a unique term of level 2 that does not contain fermion fields. This is the F^3-term

L_F 3 = κ^2μ^{−ε} 6! ζZ_ζ f^{abc}F^a_{μν} F^b_{νρ}F^c_{ρμ} . (3.7)

– 10 –

Other terms that do not contain fermions, such as

κ^2F^a_{μν} D^2F^a_{μν} , κ^2(D_ρF^a_{ρμ})^2 ,

can be converted to (3.7) plus four-fermion terms using the Bianchi identity and the field equations, up to O(κ^3).

The independent four-fermion vertices are ten, precisely

S = (Ψ^I_i Ψ^I_i )^2 , P = (Ψ^I_i γ_5Ψ^I_i )^2 , V = (Ψ^I_i γ_μΨ^I_i )^2 , A = (Ψ^I_i γ_5γ_μΨ^I_i )^2 , T = (Ψ^I_i σ_{μν} Ψ^I_i )^2 , S^′ = (Ψ^I_i Ψ^I_j )(Ψ^I_j Ψ^I_i ) , P^′ = (Ψ^I_i γ_5Ψ^I_j )(Ψ^I_j γ_5Ψ^I_i ) , V^′ = (Ψ^I_i γ_μΨ^I_i )^2 , A^′ = (Ψ^I_i γ_5γ_μΨ^I_i )^2 , T^′ = (Ψ^I_i σ_{μν} Ψ^I_j )(Ψ^I_j σ_{μν} Ψ^I_i ) . (3.8) The proof that these ten vertices are a basis is done using Fierz identities. Every fermion has three indices: Lorentz, gauge and flavor. We have to study the contractions of

Ψ^{Iα}_i Ψ^{Iβ}_j Ψ^{Jγ}_k Ψ^{Jδ}_l .

The Clifford algebra contains 5 elements Γ^A (scalar, pseudoscalar, vector, pseudovector and tensor). Parity and Lorentz invariance impose that only the pairings Γ^A × Γ^A (i.e. 1×1, γ_5 ×γ_5, γ_μ ×γ_μ, etc.) are allowed. The matrices Γ^A can contract the Lorentz indices in two ways (α and γ or α and δ), but Fierz identities relate these two contractions. Consequently, the Lorentz indices can be contracted in 5 independent ways. Finally, the gauge indices can be contracted in two ways: i with j or i with l. So, in total there exist 10 independent contractions, the ones of (3.8). This proves the statement.

The four-fermion lagrangian is written as

L_4F = κ^2μ^ε 4 [ ξ_1Z_{ξ1} S + ξ_2Z_{ξ2} P + ξ_3Z_{ξ3} S^′ + ξ_4Z_{ξ4} P^′ + λ_1Z_{λ1} V + λ_2Z_{λ2} A +

+ λ_3Z_{λ3} V^′ + λ_4Z_{λ4} A^′ + η_1Z_{η1} T + η_2Z_{η2} T^′ ] . (3.9)

There exist no other independent parity-invariant lagrangian terms of level 2. The terms containing two fermions and gauge fields, such as

F^a_{μν} (D_μΨ^I )T^aγ^I_ν Ψ, ε_{μνρσ} F^a_{μν} (D_μΨ^I )T^aγ_ν γ^I_5 Ψ,

are not independent. Using the field equations and Bianchi identities, they can be converted into four-fermion terms, up to total derivatives and O(κ^3). The proof is given in the appendix, see formulas (A.6) and (A.7).

Pauli deformation. The Pauli deformation of the theory (3.1) is described by the lagrangian L = μ^{−ε} 4g^2Z^2_g

(F^a_{μν} )^2 + Ψ^I_i D/_{ij} Ψ^I_j + L_{Pauli} + L_F 3 + L_4F + O(κ^3) . (3.10)

The couplings of levels > 1 have to be determined iteratively as explained in section 2. This is illustrated in section 5 for level 2.

– 11 –

Figure 1: Self-renormalization of the Pauli term

The field redefinitions have the form A^a_μ = Z^{1/2}_A A^a_μ + O(κ), Ψ^I_i = Z^{1/2}_ψ ψ^I_i + O(κ). The Pauli vertex is the lowest-level operator of the deformation (3.10). The four-fermion vertices, the F^3 term and the O(κ^3)-terms are the queue of the deformation.

In the next two sections I perform a complete one-loop calculation up to O(κ^3) excluded. The calculation can be divided in two steps. The first step is the renormalization of the Pauli coupling (section 4). This determines the coherent running of the Pauli deformation (3.10), including the queue. At this level it is necessary to work out also the field redefinitions explicitly, because they can be important for the O(κ^2)-calculations. The second step (section 5) is the renormalization of the first terms of the queue (level 2), that is to say the F^3-vertex and the four-fermion vertices. This calculation can be divided itself into two parts, the self-renormalization of the level-2 vertices and their generation from two Pauli insertions. Using gauge invariance it is possible to reduce the number of diagrams. Counterterms with external legs ψ-ψ, A-ψ-ψ , ψ-ψ-ψ-ψ, A-A and A-A- A need to be calculated explicitly, but counterterms of the form A-A-ψ-ψ and A-A-A-A, for example, are related by gauge invariance to the previous ones.

4. Renormalization of the Pauli coupling

The non-trivial graphs containing one insertion of the Pauli vertex are shown in figure 1. Using the identity (A.4), the associated counterterms are

ΔL_{Pauli} = 3ig^2κλ 8π^2ε

N^2_c − 1 N_c ψD/^2ψ + g^2κλ 64π^2εN_c [ N^2_c (1 − 6α) + 4(α − 5) ] ψT^aσ_{μν} ψ F^a_{μν} + + 3ig^2κλN_c 32π^2ε ( ψT^aψ ∂_μA^a_μ + 2∂_μψT^aψ A^a_μ ) + O(ψA^2ψ) . (4.1)

Using (A.5), the terms proportional to the O(κ^0) -field equations can be rabsorbed by means of the field redefinitions

Ψ^I_i = Z^{1/2}_ψ ψ^I_i + 3ig^2κλ 16π^2ε ( N^2_c − 1 N_c D/_{ij} ψ^I_j − N_c 2 A/^aT^a_{ij}ψ^I_j + O(A^2ψ) ) + O(κ^2) ,

A^a_μ = Z^{1/2}_A A^a_μ + O(κ^2) . (4.2)

– 12 –

Observe that the fermion field redefinition is non-covariant. Isolating the contributions of these field redefinitions inside (4.1) the remaining counterterms are g^2κλ 32π^2N_cε [ −N^2_c (1 + 3α) + 2(α − 5) ] ψT^aσ_{μν} ψ F^a_{μν} . The dependence on the gauge-fixing parameter α drops out factorizing Z_ψZ^{1/2}_A in front of the Pauli term. Finally, the net renormalization constant of the Pauli coupling λ is

Z_λ = 1 + g^2(N^2_c − 5) 16π^2N_cε

+ O(g^4) .

This gives the beta function

β_λ = g^2λ(N^2_c − 5) 16π^2N_c ∼ 2 75 λΔ and the running behavior

λ(Λ) = λ(μ) ( Λ μ ) 2Δ_{75} . The Pauli coupling is IR free, but this fact is not necessary for the consistency of the perturbative expansion. The reason is that perturbation theory can only generate logarithmic corrections, while the irrelevant deformations contain powers of the energy. At energy E the behavior of the Pauli term versus the behavior of, say, the term F^2 is ∼ λ(μ) ( E μ ) 2Δ_{75} (κE) . (4.3)

When the energy is small with respect to 1/κ and μ (it is possible to choose μ ∼ 1/κ without loss of generality) the behavior (4.3) is compatible with the perturbative expansion in powers of the energy if Δ is greater than −75/2.

Observe that the gauge field has no O(κ)-field redefinition. This is good, because it ensures that the gauge-fixing sector of the theory is unmodified to this order. It is easy to check that no one-loop divergent graph with external ghost legs and one Pauli vertex can be constructed.

Moreover, the form of the O(κ) corrections to the field redefinitions, shown in (4.2), ensures that these corrections can be ignored to order O(κ^2), because they do not contribute to the renormalization of the essential couplings. Indeed, they produce O(κ^2)-contributions that are either proportional to the O(κ^0) fermion field equations or have the form A-A-ψ-ψ.

5. The Pauli deformation to order O(κ^2)

In this section I study the level-2 terms of the queue of the Pauli deformation. First I compute the relevant Feynman diagrams and then solve the quasi-finiteness equations that determine the values of the couplings multiplying the F^3 term and the four-fermion vertices of (3.10).

– 13 –

Figure 2: Renormalization of the F^3 vertex

Renormalization of the F^3 term. The diagrams containing one insertion of the F^3- vertex are depicted in figure 2. The counterterms for these graphs are

ΔL_F 3 = − g^2κ^2N_cζμ^{−ε} 16π^2ε ( D^{ab}_μ F^b_{μν} )_2 + 3(5 − α)g^2N_c 32π^2ε ζκ^2μ^{−ε} 6! f^{abc}F^a_{μν} F^b_{νρ}F^c_{ρμ} + + g^4κ^2N_cζ 16π^2ε ψT^aγ_ν ψ D^{ab}_μ F^b_{μν} (5.1)

plus terms proportional to ∂_μA^a_μ (which can be subtracted with a redefinition of the gauge fixing), total derivatives, terms of the form A-A-A-A and A-A-ψ-ψ and terms proportional to the field equations (A.3).

Using the field equations, the first and third terms of (5.1) mutually cancel. Finally, isolating the contribution 3 2 δZ_A ζκ^2μ^{−ε} 6! f^{abc}F^a_{μν} F^b_{νρ}F^c_{ρμ} of the wave-function renormalization constants, the α-dependence drops out, as it should be, and the net result contributing to Z_ζ is

ΔL_F 3_{−net} =

3g^2N_c 4π^2ε ζκ^2μ^{−ε} 6! f^{abc}F^a_{μν} F^b_{νρ}F^c_{ρμ}. (5.2) The renormalization constant Z_ζ receives contributions also from graphs containing two insertions of the Pauli vertex (see below).

Renormalization of the four-fermion terms. The divergent graphs containing a fourfermion vertex are shown in figure 3. The counterterms

ΔL_4F = 2δZ_ψ Z^{−2}_ψ Z^{−1}_ζ L_4F + ΔL_{vf} + ΔL_4f , (5.3)

can be split in three parts: the contributions associated with the wave-function renormalization constant Z_ψ, which reabsorb every gauge-fixing dependence, the vertex counterterm

ΔL_{vf} = − κ^2 48π^2ε

(2λ_1 + 2λ_2 + 4N_f λ_3 − ξ_1 + ξ_2) ψT^aγ_ν ψ D^{ab}_μ F^b_{μν} (5.4)

– 14 –

Figure 3: Self-renormalization of the four-fermion vertices

and the four-fermion counterterms

ΔL_4f = − g^2 32π^2εN_c κ^2μ^ε 4 [ 12 ( ξ_1(N^2_c − 1) + 2η_2N_c + ξ_3N_c − 4η_1 ) S + (5.5)

+ 12 ( ξ_2(N^2_c − 1) + 2η_2N_c + ξ_4N_c − 4η_1 ) P + + 12 ( 2η_2(N^2_c − 2) + 4η_1N_c − ξ_3 ) S^′ + + 12 ( 2η_2(N^2_c − 2) + 4η_1N_c − ξ_4 ) P^′ + + 6 (2λ_2 − λ_3N_c − λ_4N_c) V + + 6 (2λ_1 − λ_3N_c − λ_4N_c) A + + 6 ( λ_3N^2_c − 2λ_2N_c − λ_4(N^2_c − 2) ) V^′ + + 6 ( λ_4N^2_c − 2λ_1N_c − λ_3(N^2_c − 2) ) A^′ + + ( (ξ_3 + ξ_4)N_c − 2(ξ_1 + ξ_2) − 12η_2N_c − 4η_1(N^2_c − 1) ) T + + ( (ξ_3 + ξ_4)(N^2_c − 2) + 2N_c(ξ_1 + ξ_2) + 4η_2(2N^2_c + 1) ) T^′ ] .

Using the field equations and the identity (A.1), the vertex counterterm (5.4) is converted into the sum of two four-fermion terms:

ΔL_{vf} → − g^2κ^2μ^ε 96π^2εN_c

(2λ_1 + 2λ_2 + 4N_f λ_3 − ξ_1 + ξ_2) ( V − N_cV^′ ) . (5.6)

Generation of F^3 and four-fermion terms from two Pauli insertions. There remain to study the contributions of type δ in (1.1). These are due to the graphs containing two insertions of Pauli vertices. The graphs are grouped into two sets, depicted in figures 4 and 5.

The contributions of the graphs of figure 4 are

ΔL_4F-_{λ2} = g^4λ^2 8π^2εN^2_c κ^2μ^ε 4 [ −24(N^2_c + 2)S − 24N_c(N^2_c − 4)S^′ + 3N^2_c V + 6(N^2_c + 2)A −

− 3N^3_c V^′ + 6N_c(N^2_c − 4)A^′ + N^2_c T − N^3_c T^′ ] . (5.7)

– 15 –

Figure 4: Four-fermion renormalization to order λ^2

The contributions of the graphs of figure 5 are

ΔL_F 3_{−λ}2 = − λ^2N_f κ^2μ^{−ε}

12π^2ε ( D^{ab}_μ F^b_{μν} )_2 − λ^2N_f 4π^2ε κ^2μ^{−ε} 6! f^{abc}F^a_{μν} F^b_{νρ}F^c_{ρμ} + + g^2λ^2κ^2 48π^2εN_c [ (23N^2_c + 10)ψT^aγ_ν ψ D^{ab}_μ F^b_{μν} + 12(N^2_c − 1)F^a_{μν} D_μψT^aγ_ν ψ +

+ 12N^2_c ε_{μνρσ} F^a_{μν} D_ρψT^aγ_σγ_5ψ ] (5.8)

plus terms proportional to ∂_μA^a_μ, total derivatives, terms of the form A-A-A-A and A-A-ψ -ψ and terms proportional to the field equations. Using the identities (A.6) and (A.7) and the field equations, the counterterm (5.8) can be re-written as

ΔL_F 3_{−λ}2 → λ^2g^4κ^2μ^ε 96π^2εN^2_c ( 5N^2_c + 16 − 4N_f N_c ) ( V − N_cV^′ ) − λ^2N_f 4π^2ε κ^2μ^{−ε} 6! f^{abc}F^a_{μν} F^b_{νρ}F^c_{ρμ} . (5.9)

The Pauli deformation to order O(κ^2). Recapitulating, the O(κ^2) counterterms, cleaned of the contributions due to the wave-function renormalization constants and the terms proportional to the gauge-fixing and the field equations, are the sum of (5.2), (5.5), (5.6), (5.7) and (5.9):

ΔL_{net} = ΔL_F 3_{−net} + ΔL_4f + ΔL_{vf} + ΔL_4F-_{λ2} + ΔL_F 3_{−λ}2 .

It is convenient to start from the F^3-terms, which can be easily isolated from the rest. The ζ-renormalization constant is ζZ_ζ = ζ ( 1 + 3g^2N_c 4π^2ε ) − λ^2N_f 4π^2ε . The quasi-finiteness equations relate ζ to λ in such a way that the scale-invariant combination u ≡ ζ λ^2 has vanishing beta function. This means also

ζZ_ζ = ζZ^2_λ .

– 16 –

Figure 5: Renormalization of two- and three-point functions to order λ^2

The result is ζ = 11λ^2 5g^2_∗ = 165 2 1 Δ ( λ^2N_c 16π^2 ) . (5.10)

The beta function of ζ is

β_ζ =

3g^2_∗ ζN_c 4π^2 − λ^2N_f 4π^2 = 2 ζ λ β_λ , so that β_u = 0.

The value (5.10) is large, because of the Δ in the denominator. This means that the perturbative expansion in powers of the energy is meaningful if the energy is much smaller than the effective Planck scale M_{P eff} = 1 κ_{eff} = Δ κ . (5.11)

The other factor in (5.10) can be taken of order one, if λ^2(μ)N_c is kept fixed in the large N_c, N_f limit.

Repeating the same calculation for the four-fermion counterterms, the result is ξ_1N_c 16π^2 = 16Δ 225N_c λ^2, ξ_2N_c 16π^2 = − 56Δ 225N_c λ^2, ξ_3N_c 16π^2 = − 92Δ 225 λ^2, ξ_4N_c 16π^2 = 52Δ 225 λ^2,

λ_1N_c 16π^2 = 544Δ 3225N_c λ^2, λ_2N_c 16π^2 = 8Δ 43N_c λ^2, λ_3N_c 16π^2 = − 94Δ 3225 λ^2, λ_4N_c 16π^2 = 2Δ 43 λ^2,

η_1N_c 16π^2 = − N_cΔ 45 λ^2, η_2N_c 16π^2 = 4Δ 675 λ^2.

Here no denominator contains Δ, so (5.11) is not modified.

6. Applications to supersymmetric theories

In this section I prove that the non-renormalization theorem for the chiral operators in supersymmetric theories does not preclude the existence of solutions of the quasi-finiteness equations. I construct finite and quasi-finite chiral irrelevant deformations.

– 17 –

Consider a supersymmetric theory in four dimensions, formulated using N = 1 superfields. A well-known non-renormalization theorem states that no chiral counterterm appears in the renormalization of the theory. A chiral counterterm is a term that cannot be written as the integral in d^4θ of a local superfield. Consider for example the chiral lagrangian term C_k = Y_k ∫ Φ^k d^2θ , (6.1)

where Y_k is a coupling constant and Φ is an elementary chiral superfield. This operator has level k − 3. The non-renormalization theorem implies that Y_k ∫ Φ^k d^2θ = Y_kZ_kZ^{k/2}_Φ ∫ Φ^k d^2θ , or Z_kZ^{k/2}_Φ = 1 , i.e. γ_{(k)} = kγ_Φ . (6.2)

Thus, the anomalous dimension γ_{(k)} of a chiral operator of the form (6.1) is k times the anomalous dimension of the elementary field Φ. Moreover, the equation Y_{kB} = Y_kZ_k = Y_kZ^{−k/2}_Φ implies that the beta function is

β_{(k)} = kY_kγ_Φ = Y_kγ_{(k)} .

This means that the quantity δ of formula (1.1) vanishes, i.e. that the chiral operators are protected, in the sense explained in section 2.

Now, consider an interacting superconformal field theory. Examples are the IR fixed points of certain UV-free theories (see [10] for a collection of properties of these conformal theories). Turn on the deformation C_k, which has level ℓ = k − 3. The requirement (2.13) for the existence of solutions of the quasi-finiteness equations reads γ_{(nk−3n+3)} ≠ nγ_{(k)} for every integer n > 1. Using (6.2) this condition becomes

(nk − 3n + 3)γ_Φ ≠ knγ_Φ ,

which is always true if γ_Φ ≠ 0. The value of γ_Φ is known in various models, using the NSVZ exact beta function [11] . Typically, γ_Φ ≠ 0 in N = 1 superconformal field theories, but there exist finite N = 2 and N = 4 supersymmetric theories where γ_Φ = 0. Since, however, the chiral operators are protected, the fact that (2.13) is violated is not a problem for the construction of consistent irrelevant deformations. I consider the cases γ_Φ ≠ 0 and γ_Φ = 0 separately.

I recall from section 2 that an irrelevant deformation (2.12) is made of a lowest-level operator O_ℓ and a queue. The lowest-level term is multiplied by an arbitrary parameter ~κ that can run according to (2.8). The queue consists of infinitely many lagrangian terms, whose couplings are determined by the quasi-finiteness equations. I call chiral a deformation whose lowest-level term O_ℓ is chiral. Now, repeat the construction of section 2 for a chiral deformation. If γ_Φ ≠ 0, the parameter ~κ still runs. Moreover, the queue does not contain other chiral terms, because their coefficients are set to zero by the quasi-finiteness equations.

– 18 –

Now, consider a case where γ_Φ = 0, for example N = 4 supersymmetric Yang-Mills theory. In the formalism of N = 1 superfields, the theory contains a vector multiplet and three chiral multiplets Φ^i. The fields Φ^i have zero anomalous dimensions and therefore the chiral operators, for example ∫ Y_{i1···in} Φ^{i1} · · · Φ^{in} d^2θ , are finite and protected. (Here Y_{i1···in} is a constant tensor.) Consider a chiral irrelevant deformation of N = 4 supersymmetric Yang-Mills theory. Since the anomalous dimension of the lowest-level operator is zero by assumption, the running (2.8) is trivial, i.e. ~κ is an arbitrary finite parameter. The deformation is therefore finite. Since chiral operators are protected, the coefficients of the other chiral terms in the queue can be consistently set to zero. If the queue of a chiral deformation contains no other chiral term, the chiral deformation is simple. If other chiral terms appear in the queue (multiplied by arbitrary parameters), then it is a multiple chiral deformation. The queue contains also non-chiral terms. For these, the condition (2.13) is non-trivial. Since the lowest-level term is finite (r_ℓ = 0), the condition (2.13) for the existence of the deformation states that the non-chiral operators of levels nℓ should have non-vanishing anomalous dimensions. This is generically true. Then, the quasi-finiteness equations (which are actually finiteness equations, in this particular case) admit a solution. The perturbative expansion in powers of the energy is well-defined if the quantity η defined in eq. (2.18) is strictly positive. Since the anomalous dimensions of non-chiral operators are generically non-trivial already at the first loop order, η is typically of order g^2, where g is some gauge coupling, and the “effective Planck mass” M_{P eff} = 1/κ_{eff} is typically of order ∼ g^2M_P = g^2/κ.

In conclusion, I have proved that the requirement (2.13) for the existence of quasifinite irrelevant deformations is not in contradiction with the non-renormalization theorem of supersymmetric theories. The construction of quasi-finite irrelevant deformations of N = 1 superconformal field theories proceeds as in the absence of supersymmetry, while N = 2 and N = 4 finite theories admit also finite chiral irrelevant deformations.

Observe that the finite chiral irrelevant deformations of superconformal field theories are also good examples of finite four-dimensional power-counting non-renormalizable theories. They can be seen as particular applications of the construction elaborated in ref. [2]. Their renormalization requires only field redefinitions, but no coupling redefinition.

7. Conclusions

Using the strategy of this paper, it is possible to construct consistent irrelevant deformations of interacting conformal field theories. These deformations have a scale, which multiplies the lowest-level irrelevant term, a finite number of coupling constants, and a queue made of infinitely many lagrangian terms. A finite number of renormalization constants, plus field redefinitions, are sufficient to remove the divergences. The scale can run (quasi-finite deformations) or not (finite deformations). If the scale runs, the queue of the deformation runs coherently with the lowest-level term. In certain families of supersymmetric theories it is possible to construct chiral finite deformations.

– 19 –

The perturbative expansion is meaningful for energies much smaller than an effective Planck mass. The effective Planck mass becomes small when the interaction of the renormalizable sector of the theory becomes weak.

Generalizations are possible. For example, in some cases it is possible to construct irrelevant deformations of running power-counting renormalizable theories. However, this issue is technically more tricky and is left for a future publication.

Although the ideas of this paper do not apply directly to quantum gravity, a more general framework where they do might exist. Then, the quantization of gravity might be possible only thanks to the existence of other interacting matter. The effects of quantum gravity might show up at energies some orders of magnitude smaller than the Planck mass, depending on the strength of the interaction in the matter sector.

The results of this paper and ref. [2] suggest that power-counting non-renormalizable theories are candidate to play a relevant role in the description of fundamental physics. Certainly, the problem of predictivity of fundamental field theory needs to be carefully reconsidered in the light of these results.

A. Useful identities

In this appendix I collect useful identities, fields equations and certain manipulations that are helpful to identify the irreducible set of irrelevant terms, and to simplify the counterterms for the study of the Pauli deformation of the IR fixed point of massless non-abelian Yang-Mills theory with N_c colors and N_f ≲ 11N_c/2 flavors.

Notation and identities for gauge group and representations. The notation is such that [T^a, T^b] = f^{abc}T^c, (f^{abc})^∗ = f^{abc}, (T^a)^† = −T^a. Useful identities are

tr[T^aT^b] = − 1 2 δ^{ab} , T^a_{ij} T^a_{kl} = − 1 2 δ_{il}δ_{jk} + 1 2N_c δ_{ij} δ_{kl} . (A.1)

Useful identities for the Dirac algebra. The products between the elements 1, γ_5 = ε^{μνρσ} γ_μγ_ν γ_ργ_σ/4!, γ_μ, γ_5γ_μ, σ_{μν} = −i[γ_μ, γ_ν ]/2 of the Clifford algebra are immediate or can be read from the following table: σ_{μν} γ_ρ = iδ_{μρ}γ_ν − iδ_{νρ}γ_μ + iε_{μνρσ} γ_σγ_5 , γ_ρσ_{μν} = −iδ_{μρ}γ_ν + iδ_{νρ}γ_μ + iε_{μνρσ} γ_σγ_5 , σ_{μν} γ_5 = − 1 2 ε_{μναβ} σ_{αβ} , γ_μγ_ν = δ_{μν} + iσ_{μν} , σ_{μν} σ_{αβ} = δ_{μα}δ_{νβ} − δ_{μβ} δ_{να} − ε_{μναβ} γ_5 − i(δ_{να}σ_{μβ} − δ_{νβ} σ_{μα} + δ_{μβ} σ_{να} − δ_{μα}σ_{νβ}) . Field equations. The O(κ)-field equations read

D/_{ij} Ψ^I_j + κλZ_λT^a_{ij} σ_{μν} Ψ^I_j F^a_{μν} + O(κ^2) = 0 , (A.2) μ^{−ε} g^2Z^2_g

D^{ab}_ν F^b_{μν} + Ψ^I_i γ_μT^a_{ij}Ψ^I_j + 2κλZ_λD^{ab}_ν (Ψ^I_i σ_{μν} T^a_{ij} Ψ^I_j ) + O(κ^2) = 0 . (A.3)

– 20 –

Identities for terms of level 1. Here I write some identities that are useful for the simplification of the O(κ) counterterms. The first one is obvious ∫ ψD^2ψ = ∫ ψD/^2ψ − i 2 ∫ ψT^aσ_{μν} ψ F^a_{μν} . (A.4)

The second one is obtained dropping the □-terms on each side: ∫ ψT^aψ ∂_μA^a_μ +2 ∫ (∂_μψ)T^aψ A^a_μ = − ∫ A^a_μ ψ ( γ_μT^aD/ − ←− D/ T^aγ_μ ) ψ+ i 2 ∫ ψT^aσ_{μν} ψ F^a_{μν} , (A.5) up to terms A-A-ψ-ψ. The integral appears to allow partial integrations and drop total derivatives. It is understood that the derivative covered with a left arrow acts only on ψ.

The identities (A.4) and (A.5) are useful to express certain counterterms as sums of objects proportional to the O(κ^0)-field equations plus the Pauli term.

Identities for terms of level 2. A similar work has to be done at O(κ^2). It is sufficient to work out identities up to terms of the form A-A-ψ-ψ, which are unnecessary for the computations of the paper. Moreover, in the manipulations of the O(κ^2) counterterms, the terms proportional to the O(κ^0)-field equations can be safely dropped. This operation is denoted with an arrow.

With these conventions, it is easy to show that 0 ← ∫ F^a_{μν} ψ ( T^aσ_{μν} D/ + ←− D/ σ_{μν} T^a ) ψ = 2i ∫ F^a_{μν} ψT^aγ_ν ( ∂_μ − ←−∂_μ ) ψ . To derive this identity it is sufficient to partially integrate, use the Bianchi identity and ignore the terms of the form A-A-ψ- ψ.

Furthermore, partially integrating and using the gauge-field equations, we have also 2i ∫ F^a_{μν} ψT^aγ_ν ( ∂_μ + ←− ∂_μ ) ψ → −2ig^2 ∫ ( ψT^aγ_μψ )_2 . Combining the two, we get ∫ F^a_{μν} (D_μψ)T^aγ_ν ψ → − 1 2 g^2 ∫ ( ψT^aγ_μψ )_2 , (A.6)

up to O(κ), terms A-A-ψ-ψ and terms proportional to the O(κ^0)-field equations.

Similarly, we have 0 ← ∫ F^a_{μν} ψ ( T^aσ_{μν} D/ − ←− D/ σ_{μν} T^a ) ψ = i ∫ ε_{μνρσ} F^a_{μν} ψT^aγ_σγ_5 ( ∂_ρ − ←− ∂_ρ ) ψ− − 2i ∫ D^{ab}_μ F^b_{μν} ψT^aγ_ν ψ → i ∫ ε_{μνρσ} F^a_{μν} ψT^aγ_σγ_5 ( ∂_ρ − ←− ∂_ρ ) ψ − 2ig^2 ∫ ( ψT^aγ_μψ )_2 . Combining this formula with a simple consequence of the Bianchi identity, namely

0 = i ∫ ε_{μνρσ}F^a_{μν} ψT^aγ_σγ_5 ( ∂_ρ + ←−∂_ρ ) ψ, we obtain ∫ ε_{μνρσ} F^a_{μν} (D_ρψ)T^aγ_σγ_5ψ → −g^2 ∫ ( ψT^aγ_μψ )_2

, (A.7)

up to O(κ), terms A-A-ψ-ψ and terms proportional to the O(κ^0)-field equations.

– 21 –

References

[1] G. Parisi, The theory of nonrenormalizable interactions, 1. The large-N expansion, Nucl.

Phys. B 100 (1975) 368.

[2] D. Anselmi, Finiteness of quantum gravity coupled with matter in three spacetime dimensions, hep-th/0309250.

[3] G. ’t Hooft and M. Veltman, One-loop divergences in the theory of gravitation, Ann. Inst.

Poincarè 20 (1974) 69.

[4] M.H. Goroff and A. Sagnotti, The ultraviolet behavior of Einstein gravity, Nucl. Phys. B 266 (1986) 709.

[5] S.J. Gates Jr., W. Siegel, M. Rocek and M.T. Grisaru, Superspace, or one-thousand and one lessons in super symmetry, Addison-Wesley, 1983.

[6] D. Anselmi, The N = 4 quantum conformal algebra, Nucl. Phys. B 541 (1999) 369 [hep-th/9809192].

[7] S. Weinberg, Ultraviolet divergences in quantum theories of gravitation, in An Einstein centenary survey, S. Hawking and W. Israel eds., Cambridge University Press, Cambridge, 1979.

[8] S. Lang, Linear algebra, Springer-Verlag, New York, 1987.

[9] T. Muta, Foundations of quantum chromodynamics. An introduction to perturbative methods in gauge theories, World Scientific Lecture Notes in Physics 5, Singapore 1987; F.J. Yndurain, The theory of quark and gluon interactions, Springer Verlag, 1993.

[10] D. Anselmi, D.Z. Freedman, M.T. Grisaru and A.A. Johansen, Nonperturbative formulas for central functions of supersymmetric gauge theories, Nucl. Phys. B 526 (1998) 543 [hep-th/9708042];

D. Anselmi, J. Erlich, D.Z. Freedman and A.A. Johansen, Positivity constraints on anomalies in supersymmetric gauge theories, Phys. Rev. D 57 (1998) 7570 [hep-th/9711035].

[11] V.A. Novikov, M.A. Shifman, A.I. Vainshtein and V.I. Zakharov, Exact Gell-Mann-Low function of supersymmetric Yang-Mills theories from instanton calculus, Nucl. Phys. B 229 (1983) 381.

– 22 –